True propagation coefficients of pulse wave harmonics in an artery can be determined in vivo by measuring pulsatile blood pressure and flow at each of two points along the length of the vessel. These coefficients, which are complex numbers that describe the attenuation and the phase shift imposed on a traveling wave, are independent of the reflected waves in the circulation and thus provide information about the viscoelastic state and other properties of an artery. The equations involved are implicit in standard transmission-line theory, but they have not previously been applied in this particular way to blood vessels. The femoral artery, exposed in situ, was studied in 11 anesthetized dogs. At 1.5 Hz, true attenuation constants averaged 0.0151 nepers/cm, and true phase constants averaged 0.0155 radians/cm. As frequency increased, the apparent phase velocity of pressure fell, an observation made previously by others. The apparent phase velocity of flow, in contrast, was relatively low at the first harmonic and rose as frequency increased. True phase velocities lay between the apparent pressure and flow values. Characteristic impedance at 1.5 Hz had an average modulus of 1.76 x 10 4 dyne sec/cm 5 and a phase of -0.31 radians. The modulus diminished as frequency increased, and the phase became less negative. These results show that true phase constants and characteristic impedances determined by this method are consistent with data reported by others and provide information not previously available about flow wave propagation. • The changing size and shape of pressure and flow waves as they travel through the circulation provide a way of measuring the viscoelastic properties of blood vessels. In the method that has been used most frequently, pressures are recorded simultaneously at two sites a known distance apart, and the velocity of the foot of the pressure wave or the phase velocity of its harmonic components is computed from the results. If there were no reflected waves in the system, this relatively simple experimental procedure could be used to estimate the viscous and elastic moduli of the vessel walls.
• The changing size and shape of pressure and flow waves as they travel through the circulation provide a way of measuring the viscoelastic properties of blood vessels. In the method that has been used most frequently, pressures are recorded simultaneously at two sites a known distance apart, and the velocity of the foot of the pressure wave or the phase velocity of its harmonic components is computed from the results. If there were no reflected waves in the system, this relatively simple experimental procedure could be used to estimate the viscous and elastic moduli of the vessel walls.
The results of such studies, however, uniformly show that the phase velocities so measured, to judge by their large oscillations with frequency (1), are strongly influenced by reflections. Moreover, phase velocity is only one of the ways in which traveling waves are transformed, -because the harmonics change in amplitude as well as phase. For this reason, the complete characterization of changes that occur during wave propagation takes the form of a complex propagation coefficient that represents both amplitude and phase changes per centimeter of vessel length (1, 2) .
Several methods of avoiding or correcting for the influence of reflections and thus of measuring "true" propagation coefficients have been reported (3) (4) (5) (6) . To accomplish such a measurement in vivo without the use of artificially imposed pulsations (3), at least three pressure or flow waves must be measured (1, 5, 6) . To determine characteristic impedance as well as the true propagation coefficient, four such variables must be measured (see Appendix), although we have not found an explicit statement of this requirement in the literature. The only method at present that satisfies the latter criterion is the one reported by Cox (4) , which involves measurement of pressures at two different sites along the vessel, flow midway between these sites, and the pulsatile change in vessel diameter. The method to be described in the present paper is an alternative approach based on simultaneous measurement of pressures and flows at two different sites.
Although most experimental reports on phase velocities have been concerned with the transmis-631 sion of pressure waves, transmission-line theory predicts that flow waves will behave in a similar (but not identical) manner. In the presence of reflections, some part of a vascular system should exhibit apparent flow phase velocities less than and apparent pressure phase velocities greater than the true phase velocity, while in other parts of the system the relationship should be reversed (1, 4, 7) . Phase velocity of a flow wave, it should be noted, refers to the speed with which harmonics of the wave appear to travel; this parameter is quite different from the velocity with which the blood itself moves. A clear account of these phenomena in a model of the pulmonary circulation appears in a paper by Wiener and his colleagues (7), and Cox (4) has published a comparison of true and apparent pressure phase velocities in the canine femoral artery. In theory, the effects of reflected waves on the apparent propagation coefficient of flow are exactly opposite to their effects on pressure in the sense that the two kinds of reflections are 180° out of phase (5, 7) . This fact suggested to us a new method of determining true propagation coefficients, which at the same time provides a test of the theoretical prediction that pressure and flow waves differ in the amount of attenuation and phase shift that they undergo as they travel (2, 7, 8) . No experimental investigation of the apparent propagation constants of flow waves in vivo has previously been reported to our knowledge, nor have simultaneous measurements of pressure and flow wave propagation in a single vessel been described.
Methods

PRINCIPLES
The procedure requires study of simultaneous measurements of pressure and flow at two different sites in the blood vessel and Fourier analysis of each of the four sets of observations into harmonic components. From these experimental data, the true propagation coefficient (y) can be computed using equations drawn from transmission-line theory. The only assumptions required are (1) that y is constant along the length of the vessel, (2) that waves are propagated exponentially, (3) that the harmonics can be treated individually, as they can be in a linear system, and (4) that the propagation constant is the same for retrograde waves as it is for forward-traveling waves. Neither the Womersley functions (9) nor other specific solutions of differential pressure-flow relationships (1, 10) are involved. All variables must be represented by complex numbers (except for distances along the longitudinal axis of the vessel), and each harmonic must be treated individually. Four basic principles of transmission-line theory are employed (1, 5, 11) :
(1) In the presence of reflections, a pressure wave, P(x), is the sum of an incident wave, P r (x), and a reflected, backward-traveling wave, P 6 (x):
The same is true of flow waves:
(2) The changes in an incident or a reflected wave are assumed to be an exponential function of the distance traveled and the complex propagation coefficient (y). For example, at two sites L centimeters apart, when the direction of wave travel is from site 1 to site 2, P,(2) = (3) ( 3) The complex ratio of pressure to flow for incident waves at any point is the same in amplitude as it is for backward-traveling waves but differs in phase by 180°. For the incident pressure and flow waves, this ratio is by definition the characteristic impedance, Z o :
(4) The ratio of the total pressure and flow waves at any site is defined as the local impedance, Z x (the term local impedance [4] is appropriate for any site in a vascular system and is used in the present paper in preference to the synonymous term input impedance):
From these assumptions and definitions many other equations can be derived to express various aspects of wave transmission as functions of y, x, Z o , and Z x . For our present purposes, two equations using hyperbolic functions will suffice. We will define the transmission ratios, P(2)/P(l) = T P and Q(2)/Q(l) = T Q , and the distance between sites 1 and 2, L, so that:
These equations are identical in content, although not in form, to those used by Taylor (8) and by Wiener and his co-workers (7) . Combining them to eliminate the impedance ratio gives:
Eq. 8 allows us to calculate cosh yL from experimental measurements of P{1), P(2), Q(l), Q(2), and L. Once cosh yL has been evaluated, the real and imaginary parts (a and 6) of the complex propagation coefficient (y) can be computed by solution of a quadratic equation, as described in standard texts (12) . The value of y so obtained can be called the true propagation coefficient to indicate that it is independent of reflections.
Once the true y has been computed, it can be substituted in Eq. 6 (or Eq. 7) to calculate Z o , since the value of Z x (l) is known already from the experimental measurements of P(l) and Q(l). The reflection ratio R(x), the ratio of reflected pressure waves to incident Circulation Research, Vol. 36, May 1975 pressure waves, can be calculated for the distal site from the following equation derived from Eqs. 1-5:
The true propagation coefficient (7) defines the exponential changes that a pressure (or flow) wave would undergo as it travels through the system if there were no reflections. Because of reflections, the rates of change actually observed in vivo, which we will call the apparent propagation coefficients (y p for pressure waves, y g for flow waves), differ from the true 7. In a uniform tube, 7, like Z o , is constant at all points, but y p and y,,, like Z z , vary along the length of the tube.
Apparent propagation coefficients at a given point are by definition:
Methods of determining these apparent coefficients are discussed in the Appendix, together with the equations (Eqs. 14 and 15) used to compute y p and 7, in the present experiments.
EXPERIMENTS
Experiments were carried out on the exposed femoral artery of 11 anesthetized dogs. Five dogs were given sodium pentobarbital (25 mg/kg, iv, initially and approximately 3 mg/kg hourly thereafter); 6 dogs were medicated with morphine sulfate (1 mg/kg, im) and anesthetized with alpha-chloralose (80 mg/kg, iv, as an 8% solution in polyethylene glycol). The area of exposure was kept moist with isotonic saline warmed to body temperature, and dissection of tissues was kept to the minimum required for placement of catheters and flow probes. Respiration was spontaneous, but a tracheal tube was inserted to maintain a clear airway.
Flows were measured with a two-channel electromagnetic flowmeter (Biotronex BL-610) and flow probes with an inside diameter varying from 5.5 to 3.0 mm. Probes were carefully matched to the diameter of the artery in each case; we chose a probe that would neither slide loosely nor visibly constrict the vessel. A dissection microscope and an eyepiece micrometer were used to measure the arterial diameter to ensure optimal selection of measurement sites of flow probes, the latter being available in steps of 0.5 mm, i.d. The flowmeter was operated at its highest nominal frequency setting (100), which gives, according to electrical calibration in our laboratory, a constant amplitude response within ±5% from 0 to 42 Hz and a linear phase shift of 1.3°/Hz. Zero flow signals were determined by occlusion of the artery distal to the probe. Simultaneous static calibrations of both flow probes were carried out in situ with measured flows of the dog's own blood in 6 of the 11 dogs. In the other 5 dogs, calibration factors that had been determined in the same way in other recent experiments were applied.
Two electromagnetic probes were placed on the femoral artery, one approximately 5 cm distal to the inguinal Circumferential occluders (Rhodes Medical Instruments) were placed approximately 1 cm downstream from each probe so that the zero flow signal could be determined at any time by inflating the rubber lining of the occluder. A marked reactive hyperemia followed such occlusions, and data were therefore collected before any occlusion had been performed.
Pressures were measured through Teflon tubing (0.75 mm, i.d., 4-7 cm in length) attached to Statham P23Dg strain gauges; the system was filled with boiled physiological saline solution. A mercury manometer was used for static calibration, applying pressure simultaneously to both gauges. The dynamic response of the pressure systems was tested by the "balloon pop" technique. The damped natural frequency was greater than 100 Hz in all experiments and averaged 180 Hz. The damping ratio was 0.10-0.15. The Teflon catheters for pressure measurement were inserted through small side branches of the artery bearing the flow probes and anchored in place with the tip just extending into the arterial lumen 1-5 mm distal to the adjacent flow probe. All remaining side branches between the flow probes (2-4 branches, <1 mm in diameter) were occluded near the femoral arterial wall by ligatures. An example of one set of experimental records is shown in Figure 1 .
Pressure and flow data were recorded on analog magnetic tape (Hewlett-Packard, model 3960). The data were subsequently analyzed by processing selected pulses with an analog-digital converter (Technical Instruments Company, model 400-B). The sampling interval for conversion was either 5 or 10 msec, depending on the total length of the cycle, and the random conversion error was 1 in 512. The resulting data, in digital form on paper tape, then served as the input for a computing device (Hewlett-Packard model 9820A programmable
Records of flow (Q) and pressure (P) at proximal ( calculator). Calculator programs carried out Fourier analysis (five harmonics) on each of the four channels of input, corrected each term to compensate for the dynamic response of the transducers, carried out the calculations summarized in Eqs. 6-9, and printed out the results for each harmonic. In calculating local impedances, no correction was made for the short distance between the tip of the pressure catheter and the adjacent flow probe. With the apparent propagation of pressure and flow waves observed in these experiments, a separation of 5 mm would produce an error of less than 2% in the modulus of local impedance and of less than 0.05 radians in its phase at frequencies below 10 Hz.
Results
The results of 21 sets of observations in 11 dogs are summarized in Table 1 and in Figures 2 and 3 . Eleven sets of observations were made in the 5 dogs anesthetized with sodium pentobarbital and 10 sets in the 6 dogs that received alpha-chloralose. The heart rates were slower in the chloralose-anesthetized group (mean 1.65 beats/sec vs. 2.61 beats/ sec), and the mean femoral arterial flow was significantly lower in the pentobarbital-anesthetized group (1.22 ml/sec vs. 2.20 ml/sec, P < 0.05). When impedances and propagation coefficients for harmonics of similar frequency were compared, the results in the two groups did not differ significantly, indicating that the chloralose served the intended purpose of extending observations to frequencies lower than those that could be obtained with pentobarbital without producing any major change in vascular properties. The data from both groups were accordingly averaged together as functions of frequency.
The resulting values for the true complex propagation coefficients (7) are shown in Figure 2 . Harmonics of comparable frequency were averaged together over bandwidths of 2 Hz (0.5 to 2.5 Hz, 2.5 to 4.5 Hz, etc.). Each point in the figure represents the average of 13-21 observations within the appropriate frequency band. In each band, the mean frequency of the points averaged fell within ±0.2 Hz of the center of the band, and the SE ranged from 0.12 to 0.17 Hz. At 1.5 Hz, the true attenuation constant (a, the real part of y) averaged 0.0151 ± 0.0051 (SE) nepers/cm. In terms of attenuation per centimeter, an alternative mode of expression that conveys a clearer picture of the effects on a traveling (sinusoidal) wave, this value is equivalent to an attenuation of 1.5%/cm (e-°o l s = 0.985). The true phase constant (6 = imaginary y) in this frequency band averaged 0.0155 ± 0.0022 radians/cm. In terms of true phase velocity (c,), which depends on frequency as well as phase constant (c, = u/b), the average was 6.08 m/sec. In each experiment, as in the averages shown in Figure 2 , both a and b tended to increase as frequency increased. True phase velocity averaged 8.54 m/sec and true attenuation averaged 7%/cm at 11.5 Hz.
Impedance spectra consistently followed the Hz. Impedance phases were negative at the lowest frequencies and became less negative as frequency increased. Local impedance phase was more negative than characteristic impedance phase at low frequencies. A crossover point like that in Figure 3 , where the phase of the ratio Z z /Z o (i.e., phase Z x minus phase Z o ) changes from negative to positive between 10 and 12 Hz, was found in 11 of our 21 experiments; in the remainder, phase Z x was negative at all frequencies up to 12 Hz.
IMPEDANCE MODULUS
The distal reflection ratio averaged 0.39 in modulus and -1.01 radians in phase at 1.5 Hz. Changes in | R(2)\ as frequency increased were small and not consistent in direction.
Discussion
PROPAGATION COEFFICIENTS
Relatively few measurements in vivo are available in the literature for comparison with these results. The only reports of direct observations of true attenuation and phase shift in natural arterial pulsations are those of McDonald and Gessner (6) on the carotid artery and those of Cox (4) on the femoral artery. Both papers report true phase velocities that do not differ significantly from those found in the present experiments. The data of McDonald and Gessner average 6.2 m/sec and those of Cox averaged 10 m/sec in the region of 3 Hz compared with our averages of 6.08 m/sec at 1.5 Hz and 7.54 m/sec at 3.5 Hz. Several investigators have predicted the theoretical pulse wave velocity from measurements of circumferential stress and strain (13) (14) (15) . Their estimates for the femoral artery at 2-3 Hz range from 8.5 to 15 m/sec. Our observation that true phase velocity increased with frequency up to 11.5 Hz is consistent with almost all theories of wave propagation in blood vessels, which attribute the depressed velocities at low frequencies to blood viscosity (1). A similar frequency dependence has been reported by others on the basis of in vivo (4, 6) as well as in vitro (13) experiments.
Our estimate of 0.015 nepers/cm for the true attenuation constant at low frequencies is somewhat higher than the few observations that can be found in the literature. McDonald and Gessner (6), using data on pressure transmission in the canine carotid artery in vivo, found an average value of 0.011 nepers/cm for the true attenuation constant at about 3 Hz, but this value is not significantly different from our results. Bergel (13) arrived at an average value of 0.006 nepers/cm from in vitro measurements of the dynamic elastic modulus of the canine femoral artery. This comparatively low value may reflect a degree of activity of vascular smooth muscle under experimental conditions in vitro (1) different from that in vivo. All of these estimates, however, indicate a degree of attenuation greater than that which can be accounted for by the viscosity of blood, suggesting that they are strongly influenced by viscosity of the vascular wall (1, 13, 16, 17) . The tendency of the true attenuation constant to rise with frequency ( Fig. 2) was expected on theoretical grounds (1) and was also observed by McDonald and Gessner (6) . The relatively constant attenuation between 1.5 and 5.5 Hz in Figure 2 was unexpected, and we can offer no explanation for it at present.
IMPEDANCE
The local impedances shown in Figure 3 are comparable in magnitude and frequency dependence to those found in the canine femoral artery by other investigators (1, 4, 18) . As for characteristic impedance of the femoral artery, the only previous measurements by a method designed to measure this variable are those reported by Cox (4) . The characteristic impedances calculated from our data and shown in Figure 3 are consistent with his observations, although his moduli are slightly higher, falling from about 2.2 to 1.8 x 10 4 dyne sec/cm 5 over the frequency range shown in Figure  3 . The characteristic impedance modulus has sometimes been estimated by averaging local impedance moduli over a wide range of frequencies (1) , but this procedure is much less reliable in small arteries like the femoral than it is in large vessels. In the aorta or the pulmonary artery, several oscillations of | ZJ around |ZJ are available between 0 and 12 Hz (1, 18, 19 ), the frequency range in which reasonably accurate data can be obtained with natural pulsations, and the average | ZJ under such conditions is probably a fair estimate of | Z o |. In the femoral artery, however, | Z x | decreases steadily over most of this range, reaching its first minimum at 8-12 Hz.
APPARENT PROPAGATION
The reflection-generated oscillations in the ratio ZJZ Q with frequency and distance bear a definite relationship to similar oscillations of y p and y Q around y (7, 11) . Apparent pressure and flow phase velocities, for example, should oscillate around the true phase velocity as a function of ZJZ O and hence as a function of both frequency and position in the vascular system. Cox (4) demonstrated this phenomenon with respect to pressure phase velocities in the canine femoral artery. Our results confirm his findings and extend them to include attenuation as well as phase constant and flow as well as pressure waves. Wiener and his colleagues (7) When this phase is negative, the relationship between apparent and true attenuation constants will be dp < a < a q . In Figure 4 this situation holds for all harmonics. For the first harmonic (/ = 1.77 Hz), Z x phase is -0.83 radians, Z o phase is -0.54 radians, and the phase of ZJZ O is therefore negative (-0.29 radians). Flow is accordingly at- 
True and apparent attenuation (top) and phase velocity (bottom) in the femoral artery in one experiment as functions of harmonic frequency.
Circulation Research, Vol. 36, May 1975 tenuated more than pressure, and the attenuation corresponding to the true constant (a) lies between. In situations in which the phase of ZJZ 0 was positive, the relationships would be reversed. Although the true attenuation constants must be positive because of the nature of viscosity, making e~" < 1, this restriction does not apply to the apparent constants. When a p < a < a q , for example, d p may actually be negative, in which case e~" p is > 1, and the amplitude of pressure increases with distance and with frequency, as in Figure 4 . This amplification of pressure waves has been predicted on theoretical grounds (7, 11) and is a familiar observation in the aorta.
All of these relationships between true and apparent coefficients are implicit in Eqs. 1-5 and constitute part of the method by which the true propagation coefficients were computed in these experiments. The intermediate position of the true constants with respect to the apparent ones is consequently not an independent observation but merely a check on the correctness of computation. Nevertheless, the marked differences that were observed between y p and 7,, and the pattern of their frequency dependence support the assumption that transmission-line equations are appropriate in this application.
TECHNICAL LIMITATIONS
All methods of measuring a true propagation coefficient must assume that it is constant throughout the length of the vascular segment under study, which is never exactly true in living blood vessels. Even a 5-cm length of artery shows some tapering in its diameter and some change in relative wall thickness, as well as a few small side branches that represent discontinuities in the wall. Since measurements of transmission over a finite distance are a sine qua non for this kind of study, this limitation appears to be inescapable. The quantitative effect of these discrepancies is difficult to evaluate, but the similarity between some of the data obtained by McDonald and Gessner (6) on portions of the canine common carotid artery almost 20 cm long and our own results on much shorter lengths of femoral artery encourages us to believe that this effect may not be a major problem at this stage of investigation.
The most important source of technical error is the high degree of accuracy required in measuring pressures and flows and in matching the dynamic responses of the measurement systems (5) . Tests in vitro of the random errors in our procedures indicated that they were relatively large, in spite of careful attention to technique. When a sinusoidal pressure generator was used to apply an input to both statically calibrated pressure systems simultaneously, a series of ten tests showed an error (defined as the standard deviation of differences between experimental results and unity, the input ratio) of ±4% in modulus and ±0.10 radians in phase. Similar tests with an electrical input to both flowmeters showed errors of ±5% in modulus and ±0.125 radians in phase. Pressure and flow amplitudes probably cannot be measured much more accurately in vivo with transducers now available, but phase accuracy could be improved by smaller sampling intervals in analog-to-digital conversion. An interval of 1 msec would be desirable, but, with four simultaneous variables and cycle lengths up to 1 second, this interval would require rapid storage of 4,000 readings.
The ratio errors are compounded in the calculation of true propagation coefficients (Eq. 8), leading to an error of ±27% in the true attenuation constant and ±17% in the true phase constant. The usefulness of the method in a particular experimental situation will depend on the extent to which multiple determinations can be employed to narrow these limits and on the magnitude of the changes that occur. Local impedances and apparent pressure phase velocities sometimes change by a factor of two or more in response to physiological stimuli (1, 18, 19) , and the same may be true of characteristic impedance and propagation.
In conclusion, as a method of determining true propagation coefficients and characteristic impedance in vivo, the simultaneous measurement of pressure and flow transmission between two points in a vessel gives results that are both internally consistent and in general agreement with the limited number of comparable observations in the literature. It shares with other methods the inaccuracies and artifacts associated with the measurement of small pressure and flow differences (5) and the disturbances that result from exposure and manipulation of the artery. For studies concerned specifically with defining wave transmission, it provides a relatively direct method of measurement and would be useful in investigating the ways in which neural and pharmacologic activation of vascular smooth muscle influences wave propagation, which is the application that first elicited our interest in such measurements. For experiments in which the viscoelastic moduli of the vessel wall are the primary target, a technique that includes direct measurement of stress-strain ratios in the wall is preferable (4) . Both methods are suitable for test-ing linear models of pressure-flow relationships in blood vessels.
Appendix
DATA REQUIRED TO DETERMINE PROPAGATION
Several methods of determining true propagation coefficients in blood vessels in vivo have been reported (4, 5, 6, 14) , but we have found no general treatment of the subject in the physiological literature; therefore, we will present a synthesis of the features common to all such methods or at least to those that employ naturally generated rather than artificially imposed (3) waves.
The transformation of a traveling pulse wave depends on two complex quantities, the true propagation coefficient (Y) and the reflection ratio. The reflection ratio in turn is a function of the ratio ZJZ X (Eq. 9). The determination of y is therefore based on equations in which the variables are y, Z 0 /Z x , and terms that describe the changes imposed on one or more traveling waves. Such terms may be expressed as transmission ratios for a given distance, as in Eqs. 6 and 7, or as derivatives with respect to distance.
The transmission ratio P(l)/P(2), for example, when two pressures are measured at sites separated by a distance L, is:
Neither y nor ZJZ X can be measured directly by experimental means, so we have two unknowns and need at least two independent equations in which they appear. Measuring the two pressures alone does not allow a solution for either unknown. The approach adopted by Gessner and Bergel (5) (originally suggested in a doctoral dissertation by M. G. Taylor) was to add a third pressure measurement, at an additional distance L downstream; this procedure introduced a second equation (similar to Eq. 6):
The result is two equations (Eqs. 12 and 13) in six variables: P(l), P(2), P(3), L, y, and ZJZ X (2) . From measurements of the three pressures and the distance L, the unknowns y and ZJZ X {2) can be calculated. This approach is an effective way of determining y in some blood vessels (5, 6) , but the characteristic impedance itself (Z o ) cannot be determined, because Z x is unknown. One practical disadvantage of the method is that it requires a relatively long vessel (at least 10 cm) of relatively constant diameter and viscoelastic properties, uninterrupted by major branches. Measurements of flow at three different sites could be used in the same way (with slightly different equations), but this method has apparently not been attempted. To determine both y and Z o , four variables must be measured, in addition to the distance between the sites of measurement. If, for example, flow measurements at the midpoint, Q(2), were added to the three pressure measurements in the method just described, Z x {2) = P(2)/Q(2) would be known, and Z o could be calculated.
The alternative method described in the present paper requires only two observation sites with measurements of pressure and flow at both. Apart from the distance between sites, this method gives us four variables to be measured, P(l), P(2), Q(l), and Q(2), two unknowns, y and Z o , and two equations (Eqs. 6 and 7).
A somewhat different approach can be made through the use of derivatives that describe the rate of change of pressure or flow waves, again as functions of y and Z o /Z x . Differentiation of Eqs. 6 and 7, substituting x for L, treating P(2) and Q(2) as variables, i.e., P(x) and Q(x), and P(l) and Q(l) as constants, gives:
The derivatives in these equations cannot be measured directly (with one exception mentioned later) but must be approximated from data obtained at sites a finite distance apart (e.g., by using AP/Ax to estimate dP/dx). Talbot and Gessner (2) have derived equations for calculating the errors introduced by such an approximation. A solution for y can be reached by combining Eqs. 14 and 15. An ingenious application of this last equation is the basis of the method described by Cox (4) . The four variables he measured were (1) two pressures at points 4-6 cm apart, thus approximating dP/dx and P(x), (2) flow at a point midway between them, Q(x), and (3) the pulsatile changes in diameter of the vessel, using a specially designed caliper. The measurements of radial displacement in relation to pressure were used to compute dQ(x)/dx (4, 10), thus providing an exception to the rule that a derivative at a point cannot be measured directly.
At least three different methods, including the present one, are thus available, but all of them require the measurement of four variables (and distances) if the complex values of both y and Z o are to be determined. Three measurements of pressure or flow, on the other hand, suffice to determine y alone.
Methods in which fewer variables are measured have been described (5, 20) , but values for some parameters must be assumed. Among the methods described by Gessner and Bergel (5), for example, is one that reduces the measurements needed to pressure and flow at one point and pressure at another, by assuming that the imaginary part of Z o and the real part of y can be neglected. This assumption is consistent with the general principles already outlined, because in effect it assigns values to one complex number in the equations and hence eliminates one unknown. The assumption that there is no attenuation and that the characteristic impedance phase is zero is an acceptable approximation at physiological heart rates for the relatively large vessels that Gessner and Bergel were considering (a > 6) but not for small arteries.
